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We present a simple "Wald-like" formula for gravitational energy about a constant curvature 
background spacetime. The formula is derived following the Abbott-Deser-Tekin approach for the 
definition of conserved asymptotic charges in higher-derivative gravity. 
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I. INTRODUCTION 

In this paper, we present a simple formula for the computation of global charges (in particular energy) in asymp- 
totically constant curvature spacetimes for general gravitational theories. This is of particular interest for solutions 
of higher-derivative theories that approach a constant curvature solution in the asymptotic region. 

Our formula is similar to Wald's formula for entropy [H-Q in the sense that both formulas involve a derivative of the 
Lagrangian of the theory with respect to the Riemann tensor. The main difference is that the entropy is computed as 
an integral over the horizon, while the energy is computed in the asymptotic region (where we regard the solution as a 
perturbation of the background). Another difference is that Wald's formula involves only first derivatives with respect 
to curvature, whereas the formula for energy involves second derivatives. Nevertheless, the two formulas should be 
related by the first law of black hole thermodynamics and its integrated forms, i.e. Komar integrals and the Smarr 
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formula (in some extended form to higher-derivative gravity and (A)dS spacetimes. See e.g., [H HI). Proposals for 
similar Wald-like formulas for the shear viscosity were given in [H, 0] ■ 

This approach gives us a new viewpoint on black hole thermodynamics. Wald's entropy formula was reinterpreted 
as the Bekenstein-Hawking entropy with an effective gravitational coupling Q (see also Q). This effective coupling 
comes from the coefficient of the kinetic term of a specific type of metric perturbation in the theory. Equivalently, this 
specific type of perturbation corresponds to the propagator for the exchange of a graviton between two covariantly 
conserved sources at the horizon, and the effective coupling comes from this propagator. Thus, Wald's formula not 
only has an advantage in the computational aspect, but also gives us a microscopic interpretation of the black hole 
entropy. 

In a similar way, a Wald-like formula for energy can be naturally interpreted as giving the effective gravitational 
coupling in the asymptotic region, namely, on the background. This avenue was explored in [1 01 ] for cubic corrections 
and in for Lovelock gravity, where the effective gravitational coupling was identified as coming from higher- 
derivative corrections to the tree-level scattering amplitude between two background covariantly conserved sources 
via the exchange of a graviton. This is the same effective coupling that appears in the Wald-like energy formula derived 
below. This viewpoint, for both the entropy and energy, gives us two sides of the microscopic interpretation (in terms 
of corrections to a graviton exchange amplitude) of higher- derivative corrections to black hole thermodynamics. 

The derivation of the formula is based on the ADT (Abbot-Deser-Tekin) method for computing energy [l2|, [H[ ■ 
We basically reduce their general method to a single formula which only requires substitution of the Lagrangian and 
the background solution. The story of this method starts with the result of ADM [14j for energy in Einstein-Hilbert 
gravity with asymptotically flat boundary conditions. This was later generalized to spacetimes with a cosmological 



constant in 15j. These so-called "AD charges" were written in a manifestly covariant way and once again could be 



expressed as pure surface integrals. The method used to construct the AD charges was then further generalized to 
arbitrary higher-curvature theories in [l2l [l3j . 

As we will see, the ADT method involves relatively little formalism and is computationally straightforward. In 
addition, this method has the advantage of not involving any explicit regularization or subtraction of infinities, as 
required in counter-term methods (see e.g., 0, E3)- Unlike Euclidean path integral techniques (e.g., [3), the ADT 
framework naturally gives the gravitational mass as an integral at asymptotic infinity, without any need to identify 
a horizon in the interior. For perturbations that vanish sufficiently fast at asymptotic infinity, the ADT charges are 
exactly the same as the charges derived using the covariant phase space methods of fl9l - [2l| , which in turn differ from 
the charges of Wald et al. |2|, |22j, |23[ by a surface term proportional to the Killing equations. 

This paper is organized as follows. In section UH we present the Wald-like formula for energy and explain how 
to use it. We also give the energy of black hole solutions for two examples: Gauss-Bonnet gravity, and a theory 
with six-derivative corrections that was previously studied in [24{. We show that the calculation of energy becomes 
much shorter and simpler when using the formula. The rest of the paper is devoted to deriving this formula from 
the ADT method. After a short presentation of the ADT method in section HITl we discuss the general structure of 
the "effective" stress-energy tensor in higher-derivative gravity in section [TV1 We then obtain an explicit formula for 
the stress-energy tensor for a flat background in section [Vj This expression is generalized to a curved background in 
section IVT1 using the effective quadratic curvature method [Tol ITT1. ISoT - t^ . Following [l2j, in section IViTl we complete 
the computation by deriving the energy from the general expression of the stress-energy tensor. We conclude with a 
brief discussion of our results and future directions in section IVIIII 



II. THE FORMULA FOR ENERGY 



Here we present the formula for energy and explain how to use it. Let us consider a general d-dimensional theory 
of gravity whose action depends on the metric g^ v and the curvature (through the Riemann tensor) 



I = J d d x^^{R^ pa ,g^). (2.1) 

We will construct the energy for such theories following the approach of [HI, [l3|, [lj| . We assume that the action is 
invariant under diffeomorphisms. In order to define a gauge invariant conserved charge we need the presence of an 
asymptotic Killing symmetry. The charge is then defined relative to a background solution, denoted g^, which admits 
a Killing vector We assume that the background is a homogeneous solution, namely, described by an "effective" 
cosmological constant A, which can be negative, positive or zero (which is the asymptotically flat case). In addition, 



3 



the solutions are required to fall off sufficiently fast at infinity relative to the background 1 . 

For a large class of solutions (which includes the asymptotically SdS solutions defined below), we can write the 
energy of a generic higher derivative theory in the same form as applies to Einstein-Hilbert gravity (with a cosmological 
constant), but with an overall multiplicative factor that depends on the higher-curvature terms. This will later serve 
as a basis for the interpretation of higher-derivative corrections as effective modifications of the gravitational coupling 
constant (Newton's constant). The Lagrangian of Einstein-Hilbert gravity with a cosmological constant is 



&e = — {R-2A ) 
2k 



(2.2) 



where k is the d-dimensional gravitational coupling constant. The ADT energy for solutions of this theory is denoted 
by Eq and is given explicitly in eq. (|3.6|) . Then, the energy for the general Lagrangian (|2.f [) is 
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(2.4) 
(2.5) 



(The complete energy formula for more general boundary conditions is given in (|7.7p .) Here A is the effective 
cosmological constant associated with the background solution t/ M „, which in general is distinct from the "bare" 
cosmological constant A that may appear in the action. 

The derivative of the Lagrangian with respect to is performed formally, as if and are independent, 
and we impose the same tensor symmetries as R%£- For example, in the case of Einstein gravity (I2.2j) we get 



dRf a 2k V °"V 



(2.6) 



The (. . .)g notation indicates that the expression in parentheses is to be evaluated on the background spacetime g^v 
The expressions in (|2.4p and (|2.5p are "projection" tensors that pick out certain coefficients to give the correct energy. 
(The subscript (1) will be explained later.) While the contractions with the projectors might appear complicated, 
their main use is to formally write the final formula (12.31) . When we take a derivative with respect to the Riemann 
tensor and evaluate on the (homogeneous) background, we always get an expression of the form 



9iC 



N8? 81 



(2.7) 



where N is some constant coefficient. The projector (|2.4j) is defined to give precisely the coefficient N when acting on 
(I2.7[) . Thus, in practice one often simply reads off the coefficient after computing the derivative on the background, 
rather than actually performing the contraction with . 

Similarly, for the second derivative with respect to the Riemann tensor evaluated on the background, there are in 
general three terms 



d 2 ^ 



dRZ*dR% 



(2.8) 



Here we mean that the perturbation about a solution falls off fast enough at infinity that the theory is asymptotically linear, i.e. that 
the linearized equations of motion are obeyed near infinity. In this case, the charges of the linearized theory can be used to obtain the 
charges of the non-linear theory. For example, this condition holds for the case of standard asymptotically AdS boundary conditions 
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where Ni,N2, N3 are constants. When the projector Pm\2^'^ ac ts on (|2.8p . it picks out the coefficient Ni, but again, 
we can also simply read off this coefficient by writing the expression for the second derivative in the above form. For 
example, if 



(2.9) 



then Ni = 2C . In other words, the second derivative term in (I2.3P roughly corresponds to coefficients of terms with 
same type of contractions as in (|2.9I) . 

A typical example of solutions that fall off sufficiently fast at infinity are asymptotically Schwarzschild-(A)dS (SdS) 
solutions. The asymptotic behavior of such solutions is 



(?) 



d-3 



(2.10) 



where rn is a constant. For these solutions, the energy in the case of Einstein gravity is given by 



En = 



MVoin d 

Tn 



and for a general theory we get 



(2.11) 



JP _ (rf-2)Vol(5 rf - 2 ) d _ 3 
* - 2 



4A(d-3) p 7 s,n» 



d 2 5f 



e° \dR%)- (d - l)(d- 2) W p° \ d RZ s p dR%^ 



(2.12) 



Another important example is the energy density of black branes in AdS. When the asymptotic behavior of the 
black brane solution is 



r d-3 : 



A 

r d—3 



(2.13) 



the energy density of the black brane is 



En = 



(d - 2) A 
4k 



(2.14) 



Let us now look at two examples. 



A. Example: Energy with a Gauss-Bonnet Term 

We start with the famous case of Gauss-Bonnet gravity. This term is topological (a total derivative) in four 
dimensions and leads to a ghost-free theory in any number of dimensions. The Lagrangain with the Gauss-Bonnet 
term reads 

&GB=X E +^{Rl vp(T -±Rl v + R 2 ), (2.15) 



K 



and we have 

dJ? GB i 



For a homogeneous background 

\» = (d-l)(d-2) [/i i/]' — ~d~^i u v ^ — ~d^2 ' 



R ^u - (d-iMd-2) 5 \uKv R l - J=^> R - > (2.17) 



so 
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and the projection gives us the coefficient of <5f 6^ : 



The second derivative with respect to the Riemann tensor is 



OR^dR^ 



I ( W Sffi + 5^5f Sffi - 4 5f8f 5^8$ ) . (2.20) 



Since we only require the coefficient of the first type of term, namely S^S^Sf S^ we get 



Pm» 7 =-■ ( 2 - 21 ) 



dR^dR^)_ K 



Substituting (12.191) and (|2.21l) into the formula for the energy (12.12[) , we obtain 

/ 4 6 2 A(d-4) (d-3) \ (d-2)Vol(5 rf - 2 ) d _ 3 

( d -2)(d-l) ) Tk r ° ■ {2 - 22 > 

This agrees with the result in [Hjj . which was obtained by a longer calculation. 

B. Example: Energy with a Six-Derivative Term 

Here we will consider an example with six derivatives of the metric (cubic curvature), 

&h =^e + ^-R^ a pR af} x P R Xp ^- (2.23) 

The ADT energy of this theory was previously given in 24], but required a much lengthier calculation. In this 
example, the first derivative with respect to the Riemann tensor gives 



and substituting the background metric leads to 

\dR%)- g ~ 2k [ 1+ (d-l)*(d-2)*J ■ ^ 
The second derivative with respect to the Riemann tensor (which in this example is not just a constant) is 

d2 f h = -!- • 3d ( K#&? 5% + RX5?) . (2.26) 

dR^dR.% 2 K V h s\ tMm u]J V ) 

When we substitute the background metric, the second derivative becomes proportional only to the first term in (|2.8p . 

( ) - 1 24 Ac * PsPpir (2 27) 



so the coefficient is just Ni, and N 2 = N 3 = 0. Substituting this and (|2.25p into the energy formula (|2.12p . we finally 
obtain 



/ 48(2d-7) Cl A 2 \ (^2)Vol(5 rf - 2 ) d _ 3 



which agrees with the result in [24 
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III. THE ADT METHOD 

In this section we give a brief review of the ADT method. The ADT method is similar in spirit to the Landau- 
Lifshitz pseudotensor method for calculating energy [29| in asymptotically flat curved spacetime. In particular, one 
proceeds by linearizing the equations of motion with respect to a background spacetime. This leads to an effective 
stress-energy tensor that consists of matter sources and terms higher order in the perturbation. This tensor turns out 
to be covariantly conserved and can thus be used to construct a conserved charge associated with an isometry of the 
background. 

Let us consider some arbitrary gravitational theory with equations of motion of the form 

$^( 5 ,i?,Vi?,i? 2 ,...) = k V , (3.1) 

where k is the gravitational coupling and is the matter stress-energy tensor. The symmetric tensor which 
is the analogue of the Einstein tensor, may depend on the metric, the curvature, derivatives of the curvature, and 
various combinations thereof. Assuming that the action is invariant under diffcomorphisms, we obtain the geometric 
identity = (the generalized Bianchi identity) and the covariant conservation of the stress tensor V^r^^ = 0. 

Now, we further assume that there exists a background solution g^ to the equations (13.1[) with t^ v = 0. Then we 
decompose the metric as 

Qiiv = <W + ^ ' (3-2) 

where we note that the deviation h^ v is not necessarily infinitesimal, but it is required to fall off sufficiently fast at 
infinity. Asymptotically SdS spacetimes are a typical example meeting this requirement. By expanding the left-hand 
side of p.ip in h^ v , the equations of motion may be expressed as 

0$ = «V - 0$ - 0$ . . . = kT mv , (3.3) 

where cpfy denotes all terms in the expansion of involving i powers of and we have defined the effective 

stress-tensor T p „. It then follows from the Bianchi identity of the full theory that V'VjS = = V^X^. 

Suppose that the background spacetime admits a timelike Killing vector £^ and let £ be a constant-time hypersurface 
with unit normal . Then we can construct a conserved energy in the standard way 

E= f d^xyf^n^lu , (3.4) 

where g^ denotes the determinant of the induced metric on S. Because V M (T Aty ^ l/ ) = 0, it follows that = V h ' J- Vii 

for some antisymmetric tensor T Vil . The bulk integral (|3.4p can therefore be rewritten as a surface integral over the 
boundary <9E 

E= f d d - 2 xs/g^ nfJ ,r v ^ , (3.5) 

where r M is the unit normal to the boundary. For example, for the Einstein-Hilbert theory (|2.2[) , the explicit expression 
for the energy is 

E = / d d - 2 x^n^ [£ A V^ A - av"ft" A + eV"h - + h^V^x 

-h" x V M €\ + fv A /i^ - ^V\h" x + hV^ v ] . (3.6) 

In summary, to apply the ADT method, one linearizes the equations of motion to obtain the stress-energy tensor, 
and then expresses the conserved current T Ml/ £„ as a total derivative to find the "potential" Note that by 

construction, the background spacetime g^ v has E = 0. 

IV. THE GENERAL STRUCTURE OF THE STRESS TENSOR 

In [3, it was shown that the most general quadratic curvature theory has a stress tensor that is schematically of 
the form 

= ai g]j v + a 2 H$ + a 3 H$, (4.1) 
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where 



1 2A 

H$ = (g^n-v^ v + -^g^jRL (4.3) 

OA 

H$ = - j^9„Rl (4.4) 



and the a, are constants. Here R^ v is the linearized Ricci tensor 

1 



and i?i is the linearized Ricci scalar 



Rau = R^ ~R^ = - (-QV " V M V„/i + V a Vuh a ^ + V CT V M 7v.) , (4.5) 



R L = ^W^h^-Qh- j^h. (4.6) 



Note that the tensors Q^ v , H$, are each divergence free 
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V^ v = V"ffW = V*ff$ = o . (4.7) 

It was later found in [24j that the stress tensor for a certain cubic curvature theory took exactly the same form (the 
only modification was to the values of the coefficients ai) and it was suggested that this observation might hold more 
generally 2 . In this section, we will argue that this is indeed the case for any theory of the form (|2.1|) . 

The basic idea is as follows. We saw in the previous section that the ADT stress tensor is given by the linearized 
(in h) equations of motion. This means that T^„ only depends on the action to 0{h 2 ). Now, expanding the general 
action (|2.1[) to 0(h 2 ) involves expanding the Riemann tensor, which contains terms of the form VV/i. Hence, this 
can yield terms of at most four derivatives. This suggests quite generally that the basic form of stress tensor does 
not change from (|4.1[) even if the action contains more than two powers of the Riemann tensor 3 . We will show that 
there exists a basis of three different components for the stress-energy tensor (to 0(h 2 ) and up to four derivatives), 
and that this basis can be chosen to correspond to Q^ v , H$ and Hffi . 

To demonstrate this claim in more detail, we first consider the most general 0(h 2 ) action with two derivatives: 

h = f d d x (fa&hrdph^ + p 2 d»h»pd v h w + /3 3 d»hd x h Xf , + (3 A d»hd^h) . (4.8) 



For simplicity we work in the case of a flat background g^ v = ri^ v . The generalization to a curved background will be 
discussed later. Varying I 2 with respect to h^ v yields the stress tensor 

T a p = = 2fcUh afi + ifadvd&hM + 3 V a0 d»d x h Xfl + p 3 d a d?h + 2p^Uh, (4.9) 
If we impose conservation of the stress tensor, we obtain 

= d a T al3 = (2ft + I3 2 )dd a h afi + (0 2 + fa)d^d v d a h va + (0 3 + 2^)Dd p h , (4.10) 
so equating the coefficients to zero gives 

ft = -201, 03 = 2/3x, 04 = -0i. (4.11) 

Substituting these relations into (|4.9|) gives = —AfixQ^. It follows that the Lagrangian 

L g = i (2d»h v Pd y h w + d^hd^h - 2d' l hd x h x ^ - dph^dph^) (4.12) 



2 This general claim was also stated in lld| . 

3 For a flat background, it is clear that no term with more than two powers of the Riemann tensor can contribute to the 0(h 2 ) part of 
the action, since R^pa = 0. 
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yields a conserved stress tensor that is precisely Q^ v (in a flat background). Note that this is also just the famous 
Fierz-Pauli Lagrangian [30[ . 

Now let us repeat the same procedure for the most general 0(h 2 ) action with four derivatives: 

d d x (t3 b d a dfsh af} d^dsh lS + f3 e D h^d^h^ + f3 7 Dh al3 d a dph + fo □ h M U bP n + j3 9 nhQh) . (4.13) 

The corresponding stress tensor is 

Tpv = - = ^(2(3 5 d^d- f d s h^ + 2fond a d (jt hZ ) + fa (Dd^h + v ^Qd a d^) 

+2[3 S G 2 V + 2/3 9 rj^&h) (4.14) 

and imposing d^T^ = gives 

07 = -ft -2j8 6l ft = -y, &=A> + y. (4.15) 

We see that there are two independently conserved tensors, and substituting these relations into (|4. 14|) gives T^ v = 
-2P 5 H$ + 20 6 H$. It follows that the La grangian 

L Hm = - (dadph^d^sh? 5 - 2Dh al3 d a d h + QhDh) (4.16) 

yields a conserved stress tensor that is precisely H^J and the Lagrangian 

L H{2) = -- (20 h^d a d 7 h^ - 2Uh afs d a df}h - □ h M U + UhUh) (4.17) 

(2) 

yields a conserved stress tensor that is precisely HyJ . Thus, we see that, in a flat background, there are at most two 
possible conserved combinations of terms with four derivatives in the Lagrangian. 

The above calculation can in principle be repeated for the case of a curved background spacetime, but it becomes 
complicated by the fact that the covariant derivatives no longer commute. The key point, however, is that commuting 
two derivatives in a given expression only produces extra terms of lower differential order. Thus, the expressions 
for L H {i) now must include 2-derivative and O-derivative terms, but the highest derivative order (four) terms are the 
same as in a flat background. Once these are fixed, the two- derivative and O-derivative terms are chosen by requiring 
that each is separately conserved. A similar argument shows that the unique conserved quantity consisting of 
two-derivative and O-derivative terms is Q^ v . In other words, the terms with highest derivatives (four derivatives in 

11$ and two derivatives in G% u ) are the same for curved and flat backgrounds. 

In summary, we have just seen that any 0(h 2 ) action with no more than four derivatives produces a conserved 
stress tensor with the same structure as (|4.1[) . Combining this with the argument that any theory ££ = j£f(i?^, g^) 
expanded to 0(h 2 ) cannot have terms with more than four derivatives, we conclude that any such theory also has a 
stress tensor of the form (|4.ip . 



V. THE GENERAL FORMULA FOR THE STRESS TENSOR (FLAT BACKGROUND) 

In this section we derive an efficient method to extract the coefficients on in the stress tensor (|4.1I) given a Lagrangian 
Jz? = j£f (R%%, g^u) for a flat background. The generalization for a curved background will be done in the next section. 
We wish to expand the action ^—gjff to second order in the perturbation h. The Lagrangian can be expanded as 




[or; 

The variation of the Riemann tensor is 

5R%x v - R"^u - R^xu = V A ^rg M - V„ai%, + ST^ST 5 ^ - 6T p 5u 6Tl x (5.2) 
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where 

ST? V = l -g pK (Vg VK + Vg^-V K g^) (5.3) 

= V-^ K T^ K + 0(^ 3 ) (5.4) 

and 

T Q ^ 7 = - {yahp 1 + S7ph ai - V 7 /i Q( g) . (5.5) 

By convention, indices of T a/ 3 7 are raised/lowered with the background metric or its inverse. Note that each factor 
of 6B%% contributes at least one and two derivatives. 

In the remainder of this section we restrict to the case of a fiat background, g^ = rj^. Now, the terms in the 
action with two derivatives and two h'a can only arise from expanding the term with one 5Rp&, that is 

/ 0JS? 



\dR; 



-9SR%. (5.6) 



flu I V y " + ^pcr 

a 



Since ££ is a function only of g^ and R%%, it follows that dJzf/dR'iZ evaluated on a homogeneous background can 
only be a function of g^ v . Furthermore, this quantity has the same symmetries as the Riemann tensor, so it must 
take the general form 



for some constant N. Formally, this constant can be expressed as a "projection" 



N6W (5-7) 



for the projection tensor 



d(d-l)- [ ' 



Inserting (|5.7|) into (|5.6[) . we see that we simply need the expansion of N^—g R. This is of course just the Einstein- 
Hilbert action (up to the overall factor N), whose expansion is well-known to give the Fierz-Pauli action (see e.g., [3l|), 

NLg. 

The 0(h 2 ) terms in the action with four derivatives can only arise from the term 



d 2 ^ 



\dR%dRZ S 

and for this we just need the linear term in 8R p "^ 1 



SR^SRli , (5.10) 



{5RZt = dxT,^ - d.T^f . (5.11) 

Now, the second derivative evaluated on a homogeneous background can only by a function of g^v, and this quantity 
must have the same index symmetries as the product of two Riemann tensors. Hence, there can be three independent 
contributions 

\ dW%dR% ) = NlS £ S »W + WOT + M'^S^j (5.12) 

for some constants JVj. This is similar to the statement that there are only three independent curvature invariants 
formed from contracting two Riemann tensors. Formally, these constants can be expressed by acting with projectors 

Ni = P{ ^ : ( dRZ s X ) - ' (5 ' 13) 
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where 



The coefficients are 



with 



P®$Z = + ^<W]<W + ^wWll ■ ( 5 - 14 ) 

ai = b 2 = [d- Ifp (5.15) 

a 2 = bi = -(d-l)p (5.16) 

a 3 = 6 3 = ci = 02 = -(d-2)(d-l)p (5.17) 

c 3 = (d 2 -d + 2)(d-2)p, (5.18) 



(5.19) 



d(d 2 - l)(d - l)(d - 2){d 2 - 2 d - 2) 



The next step is to insert (|5.12l) into (|5.10p and use (|5.11l) . We treat the three contractions separately. The first is 
analogous to R 2 ^ vpa and gives 

Ntd^S^ (6Rp L (wzg) L = 2N x L Hm + 47V liff(2) . (5.20) 
The second contraction is analogous to R 2 and gives 

i SR %) L ( 6R ^) L = 2iV 2 L H(1 , . (5.21) 
The last contraction is analogous to R 2 ^ and gives 

N 3 6 l f6$5\°S$ (6R£) L L = N 3 L HW + N S L BW . (5.22) 

Thus the relevant part of the expanded action is 

5(>/=5 JSf) = iVL e + (Nx +N 2 + ^] L hW + 2 I N x + ^f) L Hm +... (5.23) 



and the corresponding stress tensor is 

= m%, + [Ni +N 2 + \n 3 ) ffW + [2Ni + ijV 3 ) . (5.24) 



VI. THE GENERAL FORMULA FOR THE STRESS TENSOR (CURVED BACKGROUND) 

The procedure described previously for a flat background should in principle generalize to a curved background. 
The calculation becomes cumbersome, however, since the covariant derivatives no longer commute. Instead, we shall 
adopt a different approach that turns out to be much more straightforward. 

It was argued in fiol [Til . |25T - [27| that any higher-curvature theory which is polynomial in the Riemann tensor and 
its contractions can be reduced to an "effective quadratic curvature" action with the same propagator. Since the 
propagator also only depends on the action up to order h 2 , we can adapt this procedure to determine the ADT 
stress-tensor for a general theory. 

Consider expanding the Lagrangian of a generic higher-curvature theory of the form = Jz?(i?^), 

= sf(Bg) + (J^j _ {R% - 5%) + \ ( ^fjpr ) « - <)« - K) + ■■ 

Here the dots represent terms which are necessarily of order h 3 and therefore not relevant to the ADT energy. Next we 
substitute the general expressions for the derivatives of the Lagrangian with respect to the Riemann tensor evaluated 
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on the background, which were previously given in (|5.7p and (j5 . 12[) . Using eq. (|2.17[) and collecting coefficients of the 
full Riemann tensor terms, we obtain the effective quadratic theory 



2«fj = ^( R ~ 2A o ff ) + uR 2 + PR% + i{Rl vp „ - 4H*„ + R 2 



Here we have defined 



1 

2k 



7 



2Ad 

N N 2 

d-2 



-(iV 2 -^) 

1(^3 + 4^) 

2 



4A 



(d- l)(d-2) 



2A 

* - —2 N > 



and the "bare" cosmological constant for the effective theory is 



Kl if = —R ( if(C) 



2Ad 



-N - 



2A 2 d 2 



-N 2 



4A 2 d 



(d-2) 2 (d- 1) 



2dA 2 

(d~2y 



-JV? 



(6.2) 

(6.3) 
(6.4) 
(6.5) 
(6.6) 

(6.7) 



Now, the most general quadratic curvature theory has already been treated in [13| . The result is that the stress tensor 
is 



1 



4dA 



2k d-2 



a - 



4A 
d- 1 



4(d-3)(d-4)A 
(d-2)(d- 



J^ 1 jg^ + (2a + /3)H^+/3H( 1 l\ 



(6.8) 



where Q^ v , H$ and H$ were given in eqs. (|4.2M4.4[) . Furthermore, the effective cosmological constant A is fixed by 
evaluating the equation of motion on the background solution 



(d-4)(da + j3) (d-3)(d-4)7 



(d-2) 2 (d-l)(d-2) 
Substituting the above expressions for k, a, j3, 7 into (|6.8p yields 

2A 



A - A e// 
A 2 + = . 
4k 



T — 



-AT 3 



1 



^1+^2+ -N 3 



d-2"'" (d-l)(d-2) 
Note that for A = 0, this agrees with the result of the previous section. 



#(1) 

(IV 



2N X + -N 3 



ff (2) 

(IV 



(6.9) 



(6.10) 



A. Examples 

Let us look at some examples for the formula (|6. 10[) for the stress-energy tensor. Let us start with the simple theory 

2 = R% pa = RpZ R %- ( 6 - n ) 

The coefficients N, Ni are computed as described previously by taking derivatives with respect to the Riemann tensor 
and evaluating on the background AdS solution. We find that 

AT - pile ( \ _ p r,e (nf>^\ _ p»)£ ( £A /rArK _ rA ckn 

XK \dRll)-- Xk[ ^'b- XK \(d-l)(d-2) [r > e 



8A 



(d-l)(d-2) 



3.12) 



and 



at. - pii)^ [ \ _ P (i)^ afi [ 9 ooA K | _ opM"^ s x S K 6 a 6 fi (6 131 
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so Ni = 2 , N 2 = N 3 = 0. Using (|67TO|) . we obtain 



T, 



{lis 



8A 
'd- 1 



which matches the result of [13J. 

For a more complicated example, consider the six-derivative theory 



JSf = i? + 6ii? 2 + 6 2 (^ pCT - 4i? 2 , y + i? 2 ) + fei^ + Cl R^ aP R^ Xp R x % v 
+czR^ v p< tR pt xpiR" T x v , 

whose stress tensor was computed explicitly in (24|. The results are summarized in the following table: 



(6.14) 



(6.15) 



<£ 


N 




iV 2 


N 3 


R 


1 











R 2 


2d(d-l)fc 





2 





R 2 


2(d-l)fc 








2 


R 2 


4fc 


2 










2(d-3)(d-2)fc 


2 


2 


-8 




12fc 2 


12fc 








R^ 1 paR^ Xp,R t v 


3(d-2)fc 2 


-3fe 





6k 



where 



Substituting the above results into (|6.10p gives 



k = 



2A 



where 



oti = 1 



(d-l)(d-2) ' 
4dA6i 4(d- 3)(d-4)A6 2 4A6 3 48(2d-3)A 2 ci 



36A 2 c 2 



d- 2 

a 2 = 1b\ + 63 + 



(d-2)(d-l) d-1 (d-2) 2 (d-l) 2 (d-2)(d-l) 2 
24A Cl 



«3 



(d-2)(d-l) 
48Aci 6Ac 2 



3 (d-2)(d- 1) (d- 2)(d- 1) 
This reproduces precisely the stress tensor obtained in [24| . 



(6.16) 



(6.17) 



(6.18) 



VII. THE DERIVATION OF THE ENERGY FORMULA 



Given the result (|6 . 10[) . the final step in the derivation of the energy formula is to write £„T Miy as a total derivative. 
For this purpose, we follow the steps in [l2j. For the first term, ^Gj^ , the result has already been given in (|3.6|) . It 
is straightforward to show that the second term can be written as 



(7.1) 



The third term, v , is more complicated and turns out to give an additional contribution of the form ^ U Q^ U . 

To see this, we can rewrite 



i v UG^ = v Q (&V a ar - l^QT - Gt"v a £ v + QT^u) + Ql v ^l v + iNaVQ? - QT V Q V"^ . (7.2) 
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Since £ y is a Killing vector, it satisfies 



2A - 

o& = -^& (7-4) 

Then the last terms of (|7.2j) simplify to 

arnf- + ^v„v"ar - arv„v"f v = ^ sf & + £^ - ^h^") • ( 7 - 6 ) 



Using these results, we find that the final form of the conserved energy is 



+ ^2N 1 + J d d - 2 x^n„r v (^V^f* ~ ^G u L a - Q^l* + Gl^^a) • (7.7) 

In asymptotically SdS spacetimes (see eq. (|2.10p ). the last two terms in (|7.7|l fall off too fast at large r to contribute 
and the total energy is given by 



or in the full explicit form as in 



VIII. DISCUSSION 



In this paper, we have derived a simple formula (|2.3p for the ADT energy of any gravitational theory of the form 
Jz? = ^£{R^ al g^y). We gave a detailed argument that the energy of such a theory takes the same basic form as in 
quadratic curvature gravity, but with coefficients modified by the higher-curvature terms. The coefficients are given 
by taking derivatives of the Lagrangian with respect to the Riemann tensor, and in this sense our energy formula is 
reminiscent of Wald's entropy formula. We have demonstrated in a number of examples that our formula correctly 
reproduces previous results, but with significantly less computations. For more complicated theories in which following 
the full ADT procedure would be unmanageable in practice, it seems that our formula could still be applied relatively 
easily. 

We note from the final formula for energy (|2.3|) that only N and Ni appear, and it would be interesting to 
understand why this is the case. We also see that in d = 3, the contribution of the second derivative of the Lagrangian 
completely drops out. In the case of 3-dimensional Topologically Massive Gravity [32j - [3^ ]. the action contains a 
gravitational Chern-Simons term so it is not of the form Jz? = J^(R^, g^u). Indeed, the ADT energy for TMG has 
a different structure than (|2.3[) 35]. It is also known that Wald's entropy formula has to be modified in TMG, since 
the Chern-Simons term does not satisfy the diffeomorphism covariance requirement in the original construction (see 
e.g., B IH). 

Given the final expression for the energy (|7.8p , it seems natural to define the effective gravitational coupling as 

1 "g£3L Wl . pu. 



2K e ,f (<i-l)(<(-2) 

Then the energy can be written succinctly in terms of the Einstein gravity result as 



t-i 



E= E . (8.2) 

K eff 
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This is analogous to the way the entropy was written in [8| as 

S = -J— , (8-3) 

where A is the black hole area. However, the effective coupling constant also has an interpretation in the tree-level 
scattering amplitude via the exchange of a graviton. When one looks at a similar process on the background [l(| , the 
effective coupling turns out to be the coefficient of Q^ v in the stress-energy tensor: 

1 4A 2A , s 

= N Ni (8 4) 

2rt e// d-2 1 (d-l)(d-2) 3 { 1 

The two definitions for the effective coupling coincide for Lovelock gravity, since any Lagrangian of Lovelock type 
can be reduced to a Gauss-Bonnet quadratic theory [ll|. This coincidence might be related to the fact that higher 
derivative theories which are not of the Lovelock type exhibit ghosts and other inconsistencies [38l . |39| . In future work, 
it would be interesting to further understand this ambiguity in the definition of the effective gravitational coupling. 
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